
Math 565: Functional Analysis
Lecture 16

Examples (ntinued).
(c) Ut X be a left space

,

e . g .
1R&

,
and recell What <IX) in the space

of continuous face

tions on X
.

The natural topology on this space is the compact-open topology , i.. e. The

one generated by the sets [K ; U] , where KIX is compart and U24 open and

(k ; u] : = (ft ((X) : f(k) = u3 .

This hop , is the same as the top Of uniform convergence on compact sets , i. e
. generated

by the seminoms Pp ,
where KEX is compact , Pulf) := sap1f(x)) . When X is - compact

X= k
so X = * Kn

,
then the top , is generated by the uninorms /Produce and heace

nESX
it is metrizable

.

We now prove the analogue of "continuous linear => Lipschitz" for top . rector spaces
generated by seminoms.

Prop . It X , Y be top , rector spaces whose topologies are generated by families P and Q
of semi-norms

, resp . Then every linear T: X-> Y in continuous <=S for each ge Q

Here is CTO and finite Po = P such that ExEX

q([x) -C p(x).

Proof
. E

. Suffices to know continuity at PEX but if right side of l -> O
,
so

does the left side.

=> Recall but finite intersections of balls in different seminoms from P form a

basis for the top . on X
.
Thus

,

byrontinuity at PEX , T
+

(B1) is an open neighbour
Good of PEX

,
here contains 1BP where Po & P is finite and 530.

Hence y(Tx) < 1 Wherever p(x)iP for all pePo . By scaling ,
we get :

[p(x) < +. j = g(tx) < r . Thus, 2 p(x) = v . d = g(tx) = ()
PEPo PEPo



beca ifIPHXrd , then F230P()(= Six) he gl

For each xEX
,
we have two cases:

Casel : ZP(x) >0 .

Men yoptistesP() = 1 , s b e

< /Ty) - F ,
hence 4(Tx) = Ezpx

Case) : ZP(X = O Then the hypothesis of (*) holds for all i o ee-

9 (Tx) = r for all roo
,
has g(tx) = 0 = + = p(x) .

↑ PEPo

Heave in either case Li= works.

Gr
. let X be a top , rector space generated by a family P of cominoms.

Then X* is very rich ,
more precisely ,

for every finite PoEP and 20,

Here is a linear functional fix ->C satisfying , for every xeX,
| f(x)) = ( . [p(x)

,

10 feX&.
DE Po

Example . Let C= (& CO, 17) be the space
of all infinitely differentiable functions on

10, 1 . This space is closed under differentiation operator D : C
*

- 29 by fief,
and we would like te equip 20 with a topology with respect to whichD would be
continuous

.
This topology cannot come from a morm become then continuity

would imply boundedness while D in not bounded because Plex) = n . erx

so lID11 In for all nEI . Instead , we equip 20 with the top generated
4) the serizons Prlf := 11fIIn .

Then this top is metrizable andN is

continuous becase Ppf) = /Fi+ /In = Pet f) .

Also this hop, is "complete" in the

following sense.



Der
.
In a top . vs .

X
,

a sequence (n)EX is called Cauchy if (n-Xm) -> 0
as min(un) - &

.
More generally , a net KiliCIEX in called lady if

(xi -Xi) + 0 as (ii) -> 8 .
We say that

X is complete if every lacely not

converges . If X is
1st ctbl

,
Ren X is complete > every landy requence converses.

Remark
.

If a top - V. S. X is complete , then every compatible translation-invariant metric d
on X is complete : if (xn) is a delauchy sequence ,

Mendin
,
Xm) -> O as minin

,
m+

but dkyxml = d(x . -Xm , P) by translation irrariance , so (n) is Cauchy in the sense

above
,
so it converges in X. Also note that if X is metrizable

,
ken by the Birkhoff-

Rakutani theorem
,
if admits a compatible translation-invariant metric.

tod by aDef
.

A top , v. s. X is called Fredet if it complete and genera
tbl family of seminous which separate points (nee retrizable).

Excuples . All examples so far are complete top. rector spaces. Hu

(a) LE(IRP) is complete by the scre proof as LlBu) is complete , where BuFIRA
is the ball of radius neIN · Here LRKRG) is a Fricket space.

1) We proved in class Wat Lo(X
,M) equipped with the corresence in messure

top. in complete.
(c) (IX) equipped with the convergence- on-compac

to sets top , in complete sinikely
↓(a) but with compact sets instead of balls Bu

.

(14) is Fricket if

X in t- compact .
(d) C* 190

, 11) is also a Fricket space bease for each seminom on its

own is "complete" like in the other example.

Detour on product topology.

Given a set X and a family of mapsSTibiet ,
Ti : X -> Y

,
where Yi is



come top Space , the topology on X generated by (Tiliet- is the smallest

topology which makes all Ti
,
iCI

,
continuous ; namely ,

the topology on X

generated by i :
" (v) where is I

,
US Y: open. Note that in his topology,i

Xu -> X <=> Ti(xu) -> [i(x) for all itI

Example . Let X be a rector space and Y be a wormed rector
space . Let Shiel be

a family of linear maps Xt Y. Then the top , generated by ItiSies makes

X into a convex top , rector space . This top, is the came as the one generated
↓the seminoms Pi(x) := IITiki/I .
Subcomple . We top on <(20

, 13) given by the serious Polt) := 1
* /In

is such an example , where Itulra are the linear maps Tof := fil and
Y : = (10

,1) with the uniform morm Ill
.

Example (product top) . Let NilieI be a family ofdop spaces
and denote

#Xi : = 45 : - UXi : fli)eXi for all it I3 .
itI It I

The product hop on XitXi, also called the topology of pointwise converge
is generated by the projection/evaluation maps it

: x -> X: xHX().

Thus
,
Xn+ X in the product top <=> Xn(i) + X(i) for all itI.

Tychonoff's Mom states Not products of compact spaces are compact .


